This paper considers the problem of output feedback trajectory tracking with a unicycle mobile robot system. A state-feedback controller for the non-linear error dynamics of the robot is combined with an observer that estimates the orientation error based on available trajectory information and measurement of the position coordinates. A stability analysis, derivation and implementation of the resulting controller is given and tested on an experimental mobile robot.
Introduction
In the last decade the stabilization problem of nonholonomic systems has received considerable attention. One of the reasons is that for these systems Brockett's necessary condition for smooth stabilization is not met (Brocket 1983) , and there does not exist a smooth time-invariant stabilizing control law for such systems. For an overview we refer to the paper of Kolmanovsky and McClamroch (1995) and references cited therein. The tracking problem has received less attention. In Kanayama et al. (1990) , Murray et al. (1992) , Micaelli and Samson (1993) , Walsh et al. (1994) and Fierro and Lewis (1995) a linearizationbased tracking control scheme was derived. The idea of input-output linearization was used in Oelen and van Amerongen (1994) . In Fliess et al. (1995) the trajectory stabilization problem was dealt with by means of a differentially flat system approach. A dynamic feedback linearization technique for wheeled mobile robot was presented in Canudas de Wit et al. (1996) . All these publications solve the local tracking problem.
The first global tracking control law that we are aware of was proposed in Samson and Ait-Abderrahim (1991) . Another global tracking result was derived in Jiang and Nijmeijer (1997) using integrator backstepping. Global tracking results yielding exponential convergence were presented in and Dixon et al. (1999) under a persistence of excitation assumption on the reference trajectory. A fuzzy PD controller using look-up tables for the unicycle robot is given in Ulyanov et al. (1998) . A problem of motion planning with measurements of the position coordinates was solved in Guillaume and Rouchon (1998) and Jiang and Nijmeijer (1999) . Results concerning a position error observer were presented in Lefeber (2000) and Lefeber et al. (2001) . In Jakubiak et al. (2002) an output-feedback trajectory tracking controller was developed under the assumption that one of the tracking error coordinates is unknown.
In this paper we will consider the situation in which the absolute Cartesian coordinates of the mobile robot are measured, but its orientation angle Â is unknown. The result of Jakubiak et al. (2002) will be extended such that implementation of an orientation error observer is possible. A complete stability analysis will be given of the resulting output-feedback trajectory tracking controller, proving exponential tracking. Finally, this controller is implemented on an experimental mobile robot system to verify the results in real-time.
In x 2 we will recall relevant definitions and theorems from stability theory, consider the modelling of a unicycle mobile robot and review the results of and Jakubiak et al. (2002) for obtaining a stable tracking controller. In x 3 an alternative orientation-observer-based controller is motivated and presented followed by a complete stability analysis.
Lemma 1: Assume that the subsystem _ z z 1 ¼ f 1 ðt, z 1 Þ of (1) is globally exponentially stable, the subsystem _ z z 2 ¼ f 2 ðt, z 2 Þ is globally K-exponentially stable and g(t, z 1 , z 2 ) satisfies (2). Then the cascaded system (1) is globally K-exponentially stable.
Modelling a unicycle mobile robot
Consider the kinematic model of a mobile robot
The state variables (x, y, Â) denote the horizontal position, the vertical position and the orientation of the robot, and the inputs (v, !) denote the forward and angular velocities. We will consider the problem of tracking state reference trajectory (x r , y r , Â r ) generated by the reference system analogous to (3) with (v r , ! r ) continuous input functions of time.
This gives rise to the definition of error coordinates (x e , y e , Â e ) as depicted in figure 1 and given in (4) by Oelen and van Amerongen (1994) x e y e Â e 2 4 3 5 ¼
Differentiating with respect to time, taking into account the expressions for the error coordinates and making use of trigonometric identities yields the set of equations commonly referred to as the error dynamics:
2.3. A locally exponentially stabilizing orientation error observer based controller
The system (5) is globally K-exponentially stablilized by the following state tracking controller (for a proof see Jakubiak et al. (2002) considered the problem of finding a solution in case Â e , and hence sin Â e is unknown. They propose the following observer dynamics:
with constant coefficient a, an estimate for sin Â e andẑ z an estimate for help variable z
such that its derivative along the dynamics of (5) is given by
and they prove that the combination of (6) and (7) provides a locally exponentially stabilizing controllerobserver combination for the error dynamics of (5).
A new observer, theory

A new observer
In order to use the controller-observer combination of the previous section for the purpose of output feedback, we must have the variables v r , ! r , x e and y e available as independent inputs. The reference input v r and ! r can be calculated directly from the desired trajectory. However the error coordinates x e and y e are not readily available as they must be calculated with (4) from measurements x and y, reference coordinates x r and y r and orientation angle Â, the latter of which is not available.
To mend this situation consider the following expression for x e and y e , which can be derived directly from (4) x e ¼ ðx r À xÞðcos Â r cos Â e þ sin Â r sin Â e Þ þð y r À yÞðsin Â r cos Â e À cos Â r sin Â e Þ y e ¼ Àðx r À xÞðsin Â r cos Â e þ cos Â r sin Â e Þ þð y r À yÞðcos Â r cos Â e À sin Â r sin Â e Þ:
Given the observer dynamics of (7), it is clear that we could replace sin Â e byẑ z þ av r y e , but that replacement of cos Â e would require the calculation of cosðarcsinðẑ z þ av r y e ÞÞ. An explicit form for calculating
x e and y e as a function of available variables and observer states is therefore impossible. Like Jakubiak et al. (2002) , we also suggest to solve this problem by an observer-controller combination. This is in contradiction to classic observability problems, where controllers and observers are considered separately. The difference being that the observer in the combination estimates immediately the terms requires in the control law. In comparison with (8) we now introduce a second observer state variable
The derivatives along the dynamics of (5)
It appears now that (10) can be written as an explicit function of known variables and observer states by substitution of the first two equations of (11) and rearrangement of terms. The implementation of the controller is therefore readily possible. Defining the observer error ¼ À and conse-quently~ ¼ À^ we obtain the observer error dynamics
Finally with the controller of (6) we find for the Â e -dynamics
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with v r , _ v v r and ! r bounded to satisfy the conditions for the existence and uniqueness of solutions.
Stability
3.2.1 Asymptotic stability of the ? e -dynamics. To prove stability we will introduce a slight modification of the control law given in (6); we will allow c 1 to be a persistently exciting (PE) non-negative function of time. Before we define the complete control law, we examine the stability of the combined observer with the control of angular velocity ! !ðtÞ ¼ ! r ðtÞ þ c 1 ðtÞ :
Since we are dealing with non-linear Â e -dynamics, we will use Lyapunov's direct method to prove the stability of system (13) combined with (14). As a candidate Lyapunov function we choose
with time derivative
Now we choose c 1 ðtÞ ¼ À4c 4 c 6 v 2 r ðtÞ ð 17Þ with c 4 < 0, and c 6 2 ð0, 1Þ, and we assume that v r (t) is PE such that c 1 (t) satisfies the constraints given above.
Then (16) can be written in the form
Lyapunov theory now requires that _ V V has to be negative definite to be sure of having a stable system. Given system (13) with controller (14) we can always define as observer (11) such that VðtÞ ! 0 for t ! 0 by choosing c 4 < 0 c 5 < 0 c 6 2 ð0, 1Þ:
Since W in (18) is negative definite, not explicitly depend on t and v r (t) 2 ¼ PE, we obtain asymptotical stability of the equilibrium point. Furthermore, we are dealing with a non-autonomous system, so if we choose
with c a very small constant (see x 3.2.2), it follows from Khalil (1996) (Theorem 3.8, Corollary 3.3 and  3.4) , that the equilibrium point ðÂ e , ,~ Þ ¼ ð0, 0, 0Þ is locally uniformly asymptotically stable for Â e 2 ðÀ, Þ.
Exponential stability of the ? e -dynamics.
Exponential stability is proven if _ V V ÀcV with c a positive constant. If we write (16) as
we can state, by taking a very small constantassuming Â e 2ðÀ: Þ-such that sin 2 Â e ! ð1ÀcosÂ e Þ, the following
, Àð1=2Þ > ð1 þ 2c 6 Þc 4 v 2 r ðtÞ and Àð1=2Þ > c 5 v 2 r ðtÞ. By this, local exponential stability of the Â e -error dynamics has been proven in (À , ). 
Stability of the
:
From Khalil (1996) we obtain that the subsystem _ z z 1 ¼ f 1 ðt, z 1 Þ is globally exponentially stable if ! r (t) is persistently exciting and xx 3.2.1 and 3.2.2 show that subsystem _ z z 2 ¼ f 2 ðt, z 2 Þ is locally exponentially stable. Furthermore, if v r (t) is bounded and persistently exciting and the interconnection term g(t, z 1 , z 2 ) is written as g(t, z 1 , z 2 )z 2 in the form c 1 ðtÞy e Ð 1 0 cossÂ e ds À v r ðtÞ Ð 1 0 sinsÂ e ds Àc 1 ðtÞy e 0 ðv r ðtÞ À c 1 ðtÞx e Þ Ð 1 0 cossÂ e ds c 1 ðtÞx e 0
Assumption 1 is satisfied. Finally, it can be concluded from Lemma 1, that if v r (t) is bounded and v r (t) and ! r (t) are persistently exciting, system (19) is locally exponentially stable.
A new observer, experiments
With (17), the control law of (6) can be written as
which can be combined with the observer of (11) to form a locally exponentially stable controller if c 2 > 0, c 3 > À1, c 4 < 0, c 6 2 ð0, 1Þ and c 5 < 0. In this section this controller-observer combination is implemented on a unicycle mobile robot and experiments are performed with c 2 ¼ 1.4, c 3 ¼ 0.4, c 4 ¼ À150, c 5 ¼ À150, c 6 ¼ 0.25.
Experimental setup
The experiments are performed with the mobile robot given in figure 2. It has two driven wheels, each independently actuated by a stepper motor. A third, ball-like, castor wheel is added to establish its mechanical stability. The two stepper motors are controlled by microstepping drivers with a resolution of 60 m rad. The absolute position measurement is done by an ultrasonic device with a sampling frequency of 70 Hz and an accuracy of about 0.5 mm in both x and y directions. In order to compare the orientation estimation with the actual orientation an electronic compass with a resolution of 1 is mounted on the robot. The signal processing and controller-observer implementation is done using MATLAB/Simulink and the real-time workshop.
Results
The stability and performance of the observer is demonstrated by driving a straight line defined by taking ¼ 0, v ¼ 0.1, ! ¼ 0 in an open loop experiment. The PE criteria of ! r (t) can be neglected here since it only influences x e and y e (see previous section). The initial estimation of the orientation observer is ½f f ,ĝ g 0 ¼ ½Àð1=2Þ ffiffi ffi 2 p , 0. From figure 3 it is clear that the estimations ½ ,^ converge to the actual values ½, .
The stability and performance of the total closed loop system is shown by driving the same trajectory in closed loop with an initial error of the actual robot of ½x e , y e , Â e 0 ¼ ½0, 0, ð1=2Þ ffiffi ffi 2 p and the initial state of the observer of ½f f ,ĝ g 0 ¼ ½0, 0. From figure 4 it shows that the estimated orientation errors ½ ,^ converge to the actual values ½, , which is forced to zero by the controller.
Finally, the performance of the total system is shown by tracking a more complicated trajectory. A Lissajoux figure is taken with an initial error of ½x e , y e , Â e 0 ¼ ½0, 0, ð1=2Þ ffiffi ffi 2 p
. The resulting performance is depicted in figure 5 . Besides some effect of measurement noise, a constant error of about 2 cm exists which can be explained by a time delay of 0.15 s that was found in the actuator system.
Conclusion
In this paper an output-feedback tracking controller for the unicycle-type mobile robot is considered assuming that only the measurements of the x and y position coordinates are available. The possibility of implementation is created by extending an existing orientation observer based controller. Using cascaded systems theory it is shown that local exponential stability by means of Lyapunov is obtained for the resulting closed loop system. A verfication of these results is demonstrated by implementation on an experimental mobile robot.
In future work it will be investigated if the proposed combination of controller and observer is useful in other situations where incomplete state information is available for control. Because the dynamics of ships and cars are comparable to that of the unicycle, it desires special attention to investigate the possibilities of the proposed combination in these means of conveyance. For instance, an interesting extension of the mobile robot experimental setup has already been implemented so that the desired (x, y)-trajectory can be specified on-line by means of a computer mouse. In future work this approach may, for instance, be used to pilot a ship into harbour. 
